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Abstract 

Let (Pi, • • • , P n ) be an n-tuple of projections in a unital C*-algebra A. We say 
(Pi , • • • , P n ) is complete in A if A is the linear direct sum of the closed subspaces 
Pi A, • ■ ■ , P n A. In this paper, we give some necessary and sufficient conditions 
for the completeness of (Pi, • • • ,P„) and discuss the perturbation problem and 
topology of the set of all complete n-tuple of projections in A. Some interesting 
and significant results are obtained in this paper. 
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Introduction 

Throughout the paper, we always assume that H is a complex Hilbert space with 
inner product < •, • >, B(H) is the C*-algebra of all bounded linear operators on H 
and A is a C*-algebra with the unit 1. Let A+ denote the set of all positive elements 
in A. It is well-known that A has a faithful representation (ip,H^) with = I 
(cf. Theorem 1.6.17] or pU Theorem 1.5.36]). For T G B(H), let Ran(T) (resp. 
Ker(T)) denote the range (resp. kernel) of T. 

Let Vi, Vi be closed subspaces in H such that H = V\ + V2 = Vj_ + V 2 , that is, V\ 
and V 2 is in generic position (cf. [6]). Let Pi be projection of H onto Vi, i = 1,2. Then 
H = Ran(Pi) + Ran(P2) = Ran(I — Pi) + Ran(P2). In this case, Halmos gave very 
useful matrix representations of Pi and P2 in [6]. Following Halmos' work, Sunder 
investigated in [T3| the n-tuple closed subspaces (Vi, • • • ,V n ) in H which satisfying 
the condition H = V\ + ■ ■ ■ + V n . If let Pj be the projection of H onto Vi, i = 1, • • ■ , n, 
then the condition H = V% + • • • + V n is equivalent to H = Ran(Pi) + • • • + Ran(P n ). 

Now the question yields: when does the relation H = Ran(Pi) 4- • • • 4- Ran(P n ) 
hold for an n-tuple of projections (Pi,-- - ,P n )? When n = 2, Buckholdtz proved 
in [3] that Ran(P x ) + Ran(P 2 ) = H iff P x - P 2 is invertible in B(H) iff J - P X P 2 is 
invertible in B{H) and iff Pi+P 2 — P1P2 is invertible in B(H). More information about 
two projections can be found in [2]. Koliha and Rakocevic generalized Buckholdtz's 
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work to the set of C*-algebras and rings. They gave some equivalent conditions for 
decomposition SK = PD\ + QD\ or D\ = 9\P + <HQ in [9] and [TO] for idempotent 
elements P and Q in a unital ring They also characterized the Fredhomness of 
the difference of projections on H in [11] . For n > 3, the question remains unknown 
so far. But there are some works concerning with this problem. For example, the 
estimation of the spectrum of the finite sum of projections on H is given in pQ and 
the C*-algebra generated by certain projections is investigated in [13] and |15| . etc.. 
Let P n (-4.) denote the set of n-tuple (n > 2) of non-trivial projections in A and 

put 

PC n (A) = {(P U ... , P n ) e P„(.4) \PiA + --- + P n A = A}. 

It is worth to note that if A = B(H) and (Pi, • • • , P n ) E Y n {B(H)), then (Pi, • • • , P„) 
E PC n (B(H)) if and only if Ran(Pi) + • • • + Ran(P n ) = H (see Theorem O below). 

In this paper, we will investigate the set PC n („4) for n > 3. The paper consists of 
four sections. In Section 1, we give some necessary and sufficient conditions that make 
(Pi, • • • , P n ) E P n (A) be in PC n (^4). In Section 2, using some equivalent conditions 
for (Pi, • • • ,P n ) E PC n („4) obtained in §1, we obtain an explicit expression of P{ x V 
• • • V P. Lk for ,ik} C {1, ••• ,n}. We discuss the perturbation problems for 

(Pi, • • • , P n ) E PC„(»4) in Section 3. We find an interesting result: if (Pi, • • • , P n ) E 

n , 

P n (A) with A = Pi invertible in A, then ||PiA -1 Pj|| < [(n - l)!!^ 1 !!!!^!] 2 ] , 

i=l 

i j implies PiA~ 1 Pj =0, i ^ j, i,j = 1, • • • , n in this section. We show in this 
section that for given e E (0, 1), if (Pi, • • • , P n ) E P n (A) satisfies condition \\PiPj \\ < e, 
then there exists an n-tuple of mutually orthogonal projections (P[, • • • , P^) E P n (^4) 
such that ||Pj — P/|| < 2(n— l)e, i = 1, ■ ■ ■ ,n, which improves a conventional estimate: 
||Pj — P/|| < (12) n_1 n!e, i = 1, • • • ,n (cf. JH]). In the final section, we will study the 
topological properties and equivalent relations on PC n (^4). 

1 Equivalent conditions for complete n— tuples of projec- 
tions in C*— algebras 

Let GL(A) (resp. U(A)) denote the group of all invertible (resp. unitary) elements 
in A. Let M^(^l) denote matrix algebra of all k x k matrices over A. For any a £ A, 
we set a A = {ax\ x E ^4} C A. 

Definition 1.1. An n-tuple of projections (Pi, • • • ,P n ) in A is called complete in A, 
z/(Pl,--- ,P n )€PC n {A). 

Theorem 1.2. Let (Pi,-- - ,P n ) E P n (^4). Then the following statements are equiv- 
alent: 

(1) (Pi, • • • , P n ) is complete in A. 

(2) = Ran(^(Pi)) + • • • + Ran(^(P n )) for any faithful representation (ip,H^) 
of A with ?/>(!) = I- 
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(3) H^p = Ran(/0(Pi)) + • • • + Ran(?/>(P n )) for some faithful representation (ip, H^) 
of A with vb(l) = I. 

( 4 ) Y,Pj + \Pi e GL(A), i = 1,2, - ■ ■ ,n and V A G [1 -n,0). 

(5) A( £ Pj) + ^ G GL(^) forl<i<n and all A G C\{0}. 

n 

(6) A = £ Pj G GL(A) and PiA~ l Pi = P, i = 1, • • • , n. 

i=i 

n 

(7) A = £ ^ € GP(„4) and P.i" 1 ^ = 0, » ^ j, », j = 1, • • • , n. 

8=1 

(8) t/iere is an n-tuple of idempotent operators (Pi, • • • , P n ) in A such that EiP{ = 

n 

Ei, PiEi = P i; i = 1, • • • ,n and EiEj = 0, i ^ j, i, j = 1, ■ ■ ■ , n, ^ E i = 1- 

In order to show Theorem 11.21 we need following lemmas. 

Lemma 1.3. Let B, C G .4+\{0} and suppose that \B + C is invertible in A for 
every A G M\{0}. Then there is a non-trivial orthogonal projection P G A such that 

B = (B + C) 1/2 P(B + C) 1/2 , C = {B + C) l,2 {\ - P)(P + C) 1/2 . 

Proof. Put D = B + C and D\ = \B + C, V A G P\{0}. Then D > 0, D and D x are 
all invertible in A, VA G JR\{0}. 

Put Pi = D^^BD- 1 / 2 , d = D-^CD-V 2 . Then P x + Ci = 1 and 

P-^PaP/- 1 / 2 = APi + Ci = A + (1 - A)Ci = (1 - A)(A(1 - A)" 1 + C x ) 

is invertible in „4 for any A G K\{0, 1}. Since A i-> - — — is a homeomorphism from 
E\{0, 1} onto R\{-1,0}, it follows that (r(C x ) C {0, 1}. Note that Pi and C x are all 
non-zero. So o{C\) = {0, 1} = cx(Pi) and hence P = Pi is a non-zero projection in 
A and P = D 1 / 2 PD 1 / 2 , C = D l l 2 {l - P)P 1 / 2 . □ 

Lemma 1.4. Let B, C G .4+\{0}. T/ien £/ie following statements are equivalent: 

(1) /or any non-zero real number X, AP + C is invertible in A. 

(2) P + C is invertible in A and B(B + C) _1 P = P. 

(3) P + C is invertible in A and B(B + C)~ X C = 0. 

(4) P + C is invertible in A and for any B' , C G A+ with B' < B and C < C , 
B'{B + C)- 1 C = 0. 
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Proof. (1)=>(2) By Lemma 11.31 there is a non-zero projection P in A such that 
B = D 1 / 2 PD 1 / 2 , C = D l ' 2 (l - P)D 1 / 2 , where D = B + C G GL(A). So 

5(5 + Cy l B = D 1/2 PD 1/2 D~ l D 1/2 PD 1/2 = B. 

The assertion (2) 44> (3) follows from 

B{B + C)^5 = B(B + C) _1 (-B + C - C) = B - B(B + C)~ 1 C. 

(3) (4) For any C with < C" < C, 

o < 5(5 + cy l c\B + cy l B < b(b + cy 1 c(B + c) -1 5 = o, 

we have B{B + C)- l C = 5(5 + C)~ 1 C' 1 / 2 C /1 / 2 = 0. This implies C'{B+C)- X B = 0. 
In the same way, we get that for any 5' with < B' < 5, C'(B + Cy 1 B' = 0. 

(4) =^(3) is obvious. 

(2)=K1) Set X = (5 + C)- X I*B and y = (5 + CTj-^C. Then jj^ an d 
X*X = 5, X + y = (5 + C) 1 / 2 . Thus, for any A G M\{0}, 

X + Ay = (5 + C)~ 1/2 (5 + AC) 
(X + Ay)*(X + Ay) = ((1 - X)X + A(5 + C) 1/2 )*((l - X)X + A(5 + C) 1/2 ) 
= (1 - A) 2 5 + 2A(1 - A)5 + A 2 (5 + C) 
= B + \ 2 C 

and consequently, {X + XY)*(X + Ay) > 5 + C if |A| > 1 and {X + Ay)*(X + Ay) > 
A 2 (5 + C) when |A| < 1. This indicates that (X + Ay)*(X + Ay) is invertible in A. 
Noting that 5 + C > ||(5 + ■ 1, we have, for any A G R\{0}, 

(5 + AC) 2 = (X + Ay)*(5 + C)(X + Ay) 

> 11(5 + cy^y^x + xy)*(x + Ay). 

Therefore, 5 + AC is invertible in A, V A G M\{0}. □ 
Now we begin to prove Theorem 11.21 



^1)=>(6) Statement (1) implies that there are b 
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and so that A = ^ Pj is invertible in A. Therefore, from A = P\A + • • • + PnA and 



i=l 



Pi = PiA~ l Pi + ■■■ + PiA~ l Pi + ■■■ + PnA- 1 Pi = + • • • + +Pi + + • • • + 0, 



i-1 



i = 1, • • ■ , n, we get that Pj = Pj^4 Pj, i = 1, • • • , n. 
(2)=>(3) is obvious. 



(3)=K4) Set Qi = j,(Pi), i = 1, 



, n. 



From P^, = Ran(Qi) + • • • + Ran(Q n ), 



we obtain idempotent operators Pi, • • • , P n in B(H^) such that ^2 Pj = I, FiFj = 0, 

i=l 

i / j and F { H^ = Qi-Efy, i, j = 1, • • • ,n. So PjQ, = Qj, QjPj = Pj and PjQj = 0, 
i ^ j, 1 < i, j < n. Using these relations, it is easy to check that 



E A ^)(E A r 1 ^) = E^ = / ' 

i=l i=l i=l 

n n n 

E\ rl ^)(E A ^)=E^= J ' 



i=i 



i=i 



i=i 



for any non-zero complex number Aj, i = 1, • • • , n. Particularly, for any AG [1 — n, 0), 

(a( e Oi) + ft) _1 = a- 1 E F i F i + *f 

in P(P^). Thus, A( £ Qj)+Qi is invertible ^(4), 1 < i < n by [13 Corollary 1.5.8] 
and so that A( ^ P,) + Pj G since ^ is faithful and ^(1) = I. 

(4)=*(5) Put Ai(X) = £ Pj + XPi,i = 1, • • • ,n, A € M\{0}, then 

(^(A)) 2 < 2(E p j) 2 + 2 >?P^ < 2(n - 1) E P J + 2A2p 

< 2max{n- l,A 2 }(Pi + ••• +P„). 

So j4i(A) is invertible in „4, V A G [1 — n, 0) means that ^4 = Pi + • • • + P n is invertible 
in A. Consequently, -Aj(A) is invertible in A when A>0, Vl<i<n. 

Now we show that Ai(X) is invertible in A for i = 1, - ■ ■ , n and A < 1 — n. Put 



A u = PiAPi, A 2i = PiA{l - Pi), A u = (1 - Pi)A{\ - Pi), i = 1, 



, n. 



i = 1, • • • , n. Noting that 



'A u + (X-l)Pi A 2l ~ 
A*j is invertible in (1 - Pi)A(l - Pi) (A > ||j4 _1 || _1 • 1, A Ai > 1 1| — 1 (1 - Pi)) and 



Express Aj(A) as the form Ai(X) 



A(\) 



P 







A—l A* 1 _ p. 



A H - A 2l A^A* 2i + (A - 1)P A 2l 
A 4l 



5 



we get that Ai(\) is invertible iff An — A 2 {A^- A 2i + (A — l)Pj is invertible in PiAPi, 
i = 1, ■ ■ ■ , n. Since An < nPj, it follows that 

-A u + A 2i A^A* 2i - (A - l)Pi > (1 - n - X)Pi + A 2i A^A* 2i > (1 - n - A)P 

when A < 1 — n, i = 1, • • • ,n. Therefore, Ai(\) is invertible in A for A < 1 — n and 
i = 1, • • ■ , n. 

Applying Lemma 1 1,41 to Pj an d Pit 1 — * — n i we can S e ^ the implications 

(5)=K6) and (6)=^ (7) easily. 

(7) =>-(8) Set E{ = P{A~ 1 , i = 1 • • • , n. Then Ei is an idempotent elements in A 

n 

and EiEj = 0, i ^ j, i, j = 1, ■ • • , n. It is obvious that ^ i% = 1 and P%Ei = Ei, 

i=l 

EiPi = Pi, i = 1, ■ ■ ■ ,n. 

(8) =>(1) Let Ei,-- - ,E n be idempotent elements in A such that EiEj = SijEi, 

n 

Z Ei = 1 and E^ = Pi, P i E i = E i , i,j = !,-■■ ,n. Then EiA = P%A, i = !,■■■ ,n 

i=l 

and A = EiA + ■■■ E n A = PiA + ■■■ + P n A. 

(8)=^(2) Let Ei,-- - ,E n be idempotent elements in A such that EiEj = 5ijEi, 

n 

Y Ei = 1 and EiPi = Pi, PiEi = Ei, i,j = l,--- ,n. Let (tp, H^) be any faithful rep- 

i=l 

resentation of A with = I- Put E[ = ip(Ei) and Qi = ip{Pi), i = 1, • • • ,n. Then 

n 

E[E': = SijE'i, ^2 E[ = / and Ran(P 4 ') = Ran(Qj), i,j = 1, • • • ,n. Consequently, 
i=i 

= Ran(Qi) + --- + Ran(g n ). □ 

Remark 1.5. (1) Statement (3) in Theorem 11.21 can not be replaced by "for any 
1 < i < n, Pi — ^2 Pj is invertible". 

4 

For example, let = H and put A = B(H^), 
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Pi = 














, ^3 = 






I 



Clearly, Pi — Y Pj ^ s invertible, 1 < i < 3, but P 2 + P3 — 2Pi is not invertible, that 

is, (Pi, P 2 , P3) is not complete in A. 

(2) According to the proof of (3)=^ (4) of Theorem ll.2l we see that for (Pi, • • • ,P n ) 

n 

G P n (A), if £ Pi € GL(„4), then £ P - AP 4 G GL(„4), V 1 < i < n and A > n - 1. 

i=l i^j 

Corollary 1.6 ([3, Theorem 1]). LetPi,P 2 be non-trivial projections inB(H). Then 
H = Ran(Pi) + Ran(P 2 ) iff Pi - P 2 is invertible in B(H). 

Proof. By Theorem[L2l H = Ran(Pi) + Ran(P 2 ) implies that Pi - P 2 G GL{B(H)). 
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Conversely, if Pi - P 2 G GL(B(H)), then from 2(P 1 + P 2 ) > (Pi - P 2 ) 2 , we get 
that Pi + P 2 G GL{B(H)) and so that P x - AP 2 ,P 2 - APi G GL(B(H)), VA > 1 by 
Remark 11.51 (2). Thus, for any A G (0, 1], Pi — XP 2 and P 2 — XP\ are all invertible in 
B(H). Consequently, H = Ran(Pi) + Ran(P 2 ) by Theorem O □ 

2 Some representations concerning the complete n— tuple 
of projections 

We first statement two lemmas which are frequently used in this section and the later 
sections. 

Lemma 2.1. Let B G A+ such that G cr(P) is an isolated point. Then there is a 
unique element B^ G A+ such that 

BB^B = B, Ptppt = B\ BB^ = B^B. 

Proof. The assertion follows from Proposition 3.5.8, Proposition 3.5.3 and Lemma 
3.5.1 of [IT]. □ 

Remark 2.2. The element B' in Lemma 12.11 is called the Moore-Penrose inverse of 
B. When a(B), P 1 " = B~ l . The detailed information can be found in [17] . 

The following lemma comes from \17\ Lemma 3.5.5] and [U Lemma 1]: 

Lemma 2.3. Let P G A be an idempotent element. Then 

(1) P + P* - 1 G GL{A). 

(2) R = P(P + P* — 1) _1 is a projection in A satisfying PR = R and RP = P. 
Moreover, if R' G A is a projection such that PR 1 = R' and R'P = P, then R' = R. 

n 

Let (Pi, • • • , P n ) G VC n {A) and put A = £ p. By Theorem [L2j A G GL(A) 

i=i 

and Ei = P^ -1 , l<i< n are idempotent elements satisfying conditions 

n 

EiEj = 0, i+j, EiPi = P u PiEi = Ei, i = I,--- ,n, and E { = 1. 

i=l 

By LemmaE31 P = Ei(E* +Ei - l)" 1 , 1 < i < n. So the C*-algebra C*(Pi, • • • , P n ) 
generated by Pi,-- - ,P n is equal to the C*-algebra C*{E\,--- ,E n ) generated by 
E\, • • • ,E n . 

Put Q l = A^^PiA- 1 / 2 , i = 1,--- ,n. Then QiQj = 5 ij Q l by Theorem CLU 

n 

i,j = l,--- , n and ^ = 1- Thus, 

i=l 

= A 1/2 QiA 1/2 and P, = P^" 1 = ^ 1/2 Q^~ 1/2 , i = 1, • • • , n. (2.1) 



7 



Proposition 2.4. Let (Pi, • • • , P n ) G PC n (,4) iw'tfi A = £ Pj. T/ien /or any Aj / 0, 



i=l 

n 1 n 

i = l,... ,n, (EA.Pf^i-^EA.^i- 1 . 

i=l i=l 

n n 

Proof. Keeping the symbols as above. We have Y ^iPi = A x / 2 ( £ ^iQi)A 1 / 2 . Thus, 

i=l i=l 

n n n 

( E ^) - 1 = ^- 1/2 ( E v l o<M- l/a = ^ _1 (E v 1 *)^ 1 - □ 

i=i i=i i=i 

Now for ii, i 2 , • • • , ife € {1, 2, • • ■ , n} with ii < i 2 < • • • < 4, put A = £ Pi r an d 

r=l 

Q = Y Qi r - Then A , Q Q £ A and Q is a projection. From (j2TTj) . A = A l / 2 Q A 1 / 2 . 

r=l 

Thus, o-(A )\{0} = a(Q AQ )\{0} (cf. [13 Proposition 1.4.14]). Since Q AQ is 
invertible in QoAQo, it follows that G o~(QoAQo) is an isolated point and so that 
G cr(Ao) is also an isolated point. So we can define P^ V • • • VPj fe to be the projection 
AqAo £ "4 by Lemma l2.1i This definition is reasonable: 

if P G .4 is a projection such that P > Pj r , r = 1, • • • , k, then PAo = Aq an d 
hence PAoAj = A)A|,, i- e -> ^ ^ P h v " " " v P ik> Since > Pi r , we have 

= (1 - aJa )A (1 " AlA ) > (1 - 4^o)Pv(l - AlAo) 

and consequently, Pi r (l — AqAo) = 0, that is, Pj r < P^ V ■ • • V Pj fe , i = 1, ■ • ■ , 

n 

Proposition 2.5. Let (Pi, • • • , P n ) G PC n (A) with A = Y Pi- Let i\, ■ ■ ■ ,ik be as 

i=i 

above and {ji, ■ ■ ■ ,ji} = {1, • • • ,n}\{i lr • • ,i k } with ji < ■ ■ ■ < ji- Then 

k k 



Pi, V • • • V P ih = AW [(E^)4E Qir)] ~' Al/2 (2-2) 

r=l r=l 

= (E^)[(E^) 2 +E^] _1 (E^)- M 



r=l r=l t=l r=l 

Proof. Using the symbols Pi,Qi,Ei as above. According to (|2.ip . 

fc fc fc fc 



E^ =^ /2 (E^)^ 1/2 ' E^- = ^ 1/2 (E^)a- 



-1/2 

r=l r=l r=l r=l 



A/ fe /C A> 

Thus ( £ P ir ) ( Y Pir) = £ p i r and £ = ( £ P ir ) A" 1 . Then we have 

r=l r=l r=l r=l r=l 

k k k 

(E^) P n V---VP ifc =P n V-VP„ P n V---VP fe (E^v) =E^' 

r=l r=l r=l 

according to the definition of P^ V • • • V Pj fc . 



8 



k 

Since E Ei r 1S an idempotent element in A, it follows from Lemma 12.31 that 

r=l 

k k 

P h V • • • V P ik = ( Y, Eir) [J2( E t +E ir )~ 1] - 1 G A. (2.4) 

r=l r=l 

Noting that ( E Q ir )A( E Q ir ) G E Q ir ).A( E Qi r ))\ ( E <&)A( E Qjt) 

r=l r=l r=l r=l t=l t=l 

is invertible in ( E Qjt)^{ E Qjt) an d 
t=i t=i 

+ ^) - 1 = ^ 1/2 [( E QvM + A( £ Qir) ~ A] A-^ 

r=l r=l r=l 

= ^ 1/2 t(E Q<rWZ Qir) - ( E Qh)M E ^ 1/2 < 

r=l r=l i=l t=l 

we obtain that 

k 



r=l 



[E^t+^-i]" 1 

= ^ [[( E Qv)^( E Qv)] _1 - [( E Qn)M E Q*)] _1 ] ^ 1/2 - 



r=l r=l t=l i=l 



Combining this with (|2.4p . we can get (|2.2p . 

Note that E = ^ 1/2 ( E Qv)^ 1/2 , E P» = E Q^ 1/2 and ( E ^vf 

r=l -r=l t=l t=l r=l 

= A x /2( E Q ir )A( E Qi,M 1/2 - Therefore, 

r=l r=l 

(E^)[(E^) 2 + E^] _1 (E^) 

r=l r=l t=l r=l 

= ^ 1/2 ( E go ( [( E Qir)A( E a,)]" 1 + E o*) ( E ^M 1/2 

r=l r=l r=l t=l r=l 

= Pit v • • • V P ik 

by □ 

3 Perturbations of a complete n— tuple of projections 

Recall that for any non-zero operator C G B(H), the reduced minimum modulus 
7(C) is given by 7(C) = {\\Cx\\ \ x G (Ker(C))- 1 , ||x|| = 1} (cf. [TH Remark 1.2.10]). 
We list some properties of the reduced minimum modulus as our lemma as follows. 

Lemma 3.1 (cf. [17J). Let C be in B(H)\{0}, Then 
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(1) ||C:r|| > 7(C)||s||, Vx G (Ker(C)) ± . 

(2) 7 (C) = inf{A | A G a(\C\)\{0}} , where \C\ = (C*^) 1 / 2 . 

(3) 7(C) > iff Ran(C) is closed iffO is an isolated point of o~(\C\) if G <r(|C|). 

(4) 7(C) = ||C _1 || _1 when C is invertible. 

(5) 7(C) > \\BW~ 1 when CBC = C for B G B(H)\{0}. 

For a G A+, put /3(a) = inf { A| A G <r(a)\{0}}. Combining Lemma [37T1 with the 
faithful representation of A, we can obtain 

Corollary 3.2. Let a G A.+ . Then 

(1) /3(a) > if and only if G c(a) is isolated when a g" GL(„4). 

(2) /3(c) > ||c|| _1 when aca = a for some c G ^4 + \{0}. 

Let £ be a C*-subalgebra of B(H) with the unit L. Let (T±, ■ ■ ■ , T n ) be an n-tuple 

n 

of positive operators in £ with Ran(Tj) closed, i = 1, • • • , n. Put #0 = © Ran(Tj) C 

i=l 

n n 

® if = # and H x = Ker(Ti) C ff. Since if = Ran(Ti) © Ker(r<), i = 1, • • • , n, it 



i=l 



follows that #0 @ Hi = H. Put 2y = 2~i^j| Ran ( r .)j i, j = 1, * * • , ra and set 



' If TiT 2 ■ ■ ■ T{F n 
T 2 T X Ti ■■■ T 2 T n 



T n Ti T 2 T 2 



T 2 

n 



G M n {£), T 



Tn T\ 2 
T 2 i T 22 



Ti n 
T 2n 



T n l T, 



n2 



G B(H ), 



(3.1) 

Clearly, Hi C Ker(T) and it is easy to check that Ker(T) = Hi when Ker(T) = {0}. 

T 



Thus, in this case, T can be expressed as T 







with respect to the orthogonal 



decomposition H = Hq © Hi and consequently, <r(T) = cr(T) U {0}. 

Lemma 3.3. Let (T\, ■ ■ ■ ,T n ) be an n-tuple of positive operators in £ with Ran(Tj) 
closed, i = 1, • • ■ ,n. Let Hq, Hi, H be as above and T, T be given in \3.1\) . Suppose 
that T is invertible in B(Hq). Then 



(1) °(T) = o-(ET?)m- 



i=l 

n n 

(2) is an isolated point in o~( ^ TA if0£a(J2 TA. 

i=l i=l 

(3) {Tiai, ■ ■ ■ ,T n a n } is linearly independent for any ai, 
£ = !,■■■ , n. 



,a n £ £ with TiOi 7^ 0, 
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Proof. (1) Put Z 











G M„(£). Then ZZ* 



••• 

Z*Z = T. Thus, a{ E 7?)\{0} = <t(T)\{0} = tr(T). 



E^ 2 



and 



i=l 



(2) According to (1), is an isolated point of a( E Tf\ if E Tf is not invertible 



8=1 



in £. So by Lemma |2. 11 there is G G 5+ such that 

n n n n n n 

(E^ 2 ) G (E^ 2 ) = E^ g(E^)g = g, (E^) G = G, (E^ 2 )- 



i=l 



i=l 



i=l 



i=l 



i=l 



t=l 



Put P = / - ( E 7 i 2 ) G e S - Then P o is a projection with Ran(P ) = Ker( E i; 2 ). 

i=l i=i 

Noting that Ker( E 7?) = Ker( E T i) = fl Ker(I-), E 2? G GL((I-P )£ (I-P )) 



i=l i=l i=l i=l 

n 



with the inverse G and E ^? — ( max [|2i II) E ^i, we that E * s invertible in 

i=l l<i<n i=1 i=1 

n n 

(I — Pq)£(I — Po). Thus, is an isolated point of o~( E ^i) when G <r( E p i) ■ 

i=l i=l 

(3) By Lemma 13.11 (3) and Lemma 12.11 there is T- G £+ such that TiT-Ti = Tj, 
t}t % t} = T}, T}T % = TiT- , i = 1, • • • , n. Thus, Ran(T;) = Ran(r^ f ), i = 1, • • • , n. 

n 

Let ai, ■ ■ ■ , a n G £ with T; L a; L 7^ 0, i = 1, • • • , n such that E ^i^i a « = for some 



t 

Ai, • • • , A n G C. For any £ E H, put x = XiTiT-a^ G -f^o- Then Tx = and x = 

4 = 1 

since T is invertible. Thus, XiTiT-a^ = 0, V£ G i? and hence Aj = 0, i = 1, • • • , n. □ 
The following result duo to Levy and Dedplanques is very useful in Matrix Theory: 



i] J n x n 



IS 



Lemma 3.4 (cf. |7J). Suppose complex n x n self-adjoint matrix C = [c 
strictly diagonally dominant, that is, E l c «il < c a> * = 1 3 • • ■ , n - Then C is invertible 

and positive. 

Proposition 3.5. Let T\, ■ ■ ■ ,T n G A+. Assume that 

(1) 7 = min{/3(T 1 ),--- ,/3(T n )} >0 and 

(2) there exists p G (0,7] such that 77 = max{ ||Tj Tj \\ \ i ^ j,i,j = 1, • • • ,«} < 
(n- 1)"V 2 - 

TTien /or any (5 G [77, (n — l) _1 /9 2 ), we have 

n 
i=l 
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(2) is an isolated point o/cr( ^ Ti) if G cj( ^ Tj) . 

i=l i=i 

n 

(3) (X)T i )^ = T 1 ^l+--- + r„A 

i=l 

Proof. (1) Let (ip,H^) be a faithful representation of .4 with "0(1) = I- We may 
assume that H = if^ and £ = ip(A). Put Sj = ip{Ti), Sij = Sj£j| Ran (s y i,j = 
1, • • • ,n. Then max{||5'jS'j || |l<i7^j'<n} = 7/ and 7(5 , j) = /3(Tj) by Lemma l3.1|, 

n 

1 < i < re. Set Hq = Ran(5j) and 



5 





5*12 • 


Sin 


S21 


5*22 • 


S2n 




S n 2 • 


Snri 



i=l 

2 



G B(Hq), So 



p 2 -X -\\Su\\ ••• -\\S ln \\ 
-||5 2 i|| p 2 -A ••• -||Sa„|| 

-||5m|| -||5 n2 || ••• P 2 -\ 



Then for any A < p 2 — (re — 1)5, we have ^ || < (re— 1)77 < p 2 — A. It follows from 
Lemma 13.41 that So is positive and invertible. Therefore the quadratic form 

n 

f(xi,x 2 , ■ • • ,x n ) = ^2{p 2 - X)x 2 - 2 ^2 \\Sij\\xiXj 

is positive definite and hence there exists a > such that for any (x±, ■ ■ ■ ,x n ) G M n , 

f(xi, ■■■ ,x n )> a(xj H h x 2 ). 

n 

So for any £ = 0& G tf , ||S&|| > 7(^)11^11 > Pll&ll, 6 G Ran($) = (Ker(S i )) ± , 
«=i 

i = 1, • • • , re, by Lemma 13.11 and 

n. n 

<(s-A/K,e> = Eii 5 ^ii 2 -E A ii^n 2 + E (<£^,£i > + <.%&■>) 

i=l i l<*<i<" 

n 

>E^ 2 - A )ii^n 2 - 2 E ii-Mi&iiiteii 

i=l l<i<j'<n 

Jfe 

= /(iieiii,---,iie fc |i)>aE^n 2 - 

1=1 

Therefore, S — XI is invertible. 

Similarly, for any A > p 2 + (re — 1)5, we can obtain that XI — S is invertible. 
So a(S) C [p 2 - (re - 1)5, p 2 + (re - 1)5] C (0,p 2 + (re - 1)5] and consequently, 

n n 

<r{ E T?)\{0} = <r[ E 5 2 )\{0} C [p 2 - (re - 1)5, p 2 + (re - 1)5] by LemmaESJ 

i=l i=l 

n n 

(2) Since cr( E ^i) = c( E ^0' ^ ne asser tion follows from Lemma [331 (2). 
i=l i=l 
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(3) By (2) and Lemma EH ( E G A exists. Set E = ( E *i) ( £ T *) 1 



i=l i=l i=l 

n n n 

Obviously, = ( E Ti)A CT^+^+U for £?( E *i) = E 

n n 

From Tj < E Zi, we get that (1 - E)Ti(l - E) < (1 - E) ( E *i) (1 — E 1 ) = 0, i.e., 
Tj = STj, i = 1, ■ • ■ , n. So Tj„4 C PL4, i = 1, • • • , n and hence 

n 

T 1 A + --- + T n A CEA=(Y^ Ti)A CT 1 A + --- + T n A. 

i=i 

Since for any ax, ■ ■ ■ , a n & A with Tjdj / 0, i = 1, • • • , n, {^^(aj), • • • , S n ip(a n )} 
is linearly independent in £, we have {Tiai, • • • ,T n a n } is linearly independent in A. 

n 

Therefore, ( E ?i)A = EA = T X A + ■■■ + T n A. □ 

i=l 

Let P\,P2 be projections on H. Buckholtz shows in [3] that Ran(Pi) -j-Ran(i-2) = 
H iff 1 1 Pi + P 2 - L\\ < 1. For (Pi, • • • , P n ) G P„(„4), we have 

n 

Corollary 3.6. Let (Pi,-- - ,P n ) G P n (-4) toitt || E p i ~ !|| < ( n ~ i) -2 - T/ien 
(Pi, • • • , P n ) is complete in A. 

Proof. For any i ^ j, 

\\PiPjf = \\PiPjPiW < 11*4(5^)^11 

n n ^ 

= INE P * " ^ll < II " !|l < T^iyr 

k=l k=l v ; 

Thus \\PiPj\\ < (n - Noting that 

p = min{/3(Pi),--- ,/3(P n )} = l, tj = max{||P 4 P,|| | 1 < i < j < n} < 



n — 1 

we have ( E Pi) A = Pi A -\ h P n A by Proposition [331 

j=i 

n n. 

From || E Pi ~ l|| < (ra — l) -2 , we have E P% * s invertible in „4 and so that 
i=i _ i=i 
^4 = P 1k 4 -j j- p n A Thus, (Pi, • • • , P„) is complete in A. □ 

Combing Corollary 13.61 with Theorem ll.2l (3). we have 

n 

Corollary 3.7. Let Pi, • • • , P n be non-trivial projections in B(H) with || E P%~ Z|| < 

i=l 

(n - l)" 2 . T/ien H = Ran(P x ) + • • • + Ran(P n ). 

Let (Pi,-- - ,P n ) G P n (A). A well-known statement says: "for any e > 0, there 
is 5 > such that if ||PjP/|| < 6, i ^ j, i, j = 1, • • • , n, then there are mutually 
orthogonal projections P{,--- , P^ G A with ||Pj — P/|| < e, i = 1, • • • , n". It may 
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be the first time appeared in Glimm's paper [5]. By using the induction on n, he 

gave its proof. But how 5 depends on e is not given. Lemma 2.5.6 of [8] states this 

statement and the author gives a slightly different proof. We can find from the proof 

of [8, Lemma 2.5.6] that the relation between 5 and e is 5 < - — —, — -r — . 

(12)v n 1 )n\ 

The next corollary will give a new proof of this statement with the relation 5 = 
for eG (0,1). 



2(n- 1 

Corollary 3.8. Let (Pi,-- - ,P n ) G P„,(A). Given e G (0,1). If Pi,-- - ,P n satisfy 
condition: \\PiPj\\ < 5 = — ^y, 1 < i < j < n, then there are mutually orthogonal 

projections P[, ■ ■ ■ ,P' n G A such that ||Pj — P-\\ < e, i = 1, • • • , n. 

Proof. Set A = £ P { . Noting that 7 = min{/3(P 1 ), • • • ,/3(P„)} = 1, ||PP,|| < — -, 
i=i n — l 

1 < i < j < u and taking p = 1, we have a(A)\{0} C [1 — (n — 1)6, 1 + (n — 1)5] by 
Proposition [33] (1). So the positive element At exists by Lemma [2.11 Set P = At A = 
AAt G A. From AA^A = A and At AAt = At, we get that P < P, i = 1, • • • , n and 
AP = PA = A, A^P = PAt = At. So A G GL(PAP) with the inverse At G PAP. 
Let 0\FVLp(At) stand for the spectrum of A* in PAP. Then 

vpM^) = ff(At)\{0} = {A" 1 ] A G a(A)\{0}} 

c[ (l + ( n _l )()r i,(l_( n _ 1)^-1], (3.2) 

Now by Proposition [33J PA = AA = PiA + ■■■ + P n A. Thus, by using P < P, 
i = 1, ■ • ■ , n, we have PAP = P^PAP) + ■■■ + P„(PAP) and then P^P, = ^p, 
»,j = l,-- ,n by Theorem O Put P[ = {A^f^P^) 1 / 2 e A, i = 1, - ■ ■ ,n. Then 
P[, ■ ■ ■ ,P' n are mutually orthogonal projections and moreover, for 1 < i < n, 

IIP/ - < UA^P^) 1 / 2 - Pi{A^ 2 \\ + ||P(At)V2 _ P . || 

< (IKAt) 1 ^!! + i)||(At) 1 /2 _p||. (3.3) 

Note that < (n — 1)<5 < 1/2. Applying Spectrum Mapping Theorem to (|3.2p . 
we get that (((A 1 ") 1 / 2 !!) < (1 - (n - l)Sy 1 / 2 < \/2 and 

||P - (At) 1 / 2 !! < (1 - (n - l)5)- l l 2 - 1 < -^-j= (n - 1)5. 

Thus ||P/ -P^l < 2(n - 1)6 = e by (Q. □ 

Applying Theorem 11.21 and Corollary 13.81 to an n-tuple of linear independent unit 
vectors, we have: 

Corollary 3.9. Let (ai, • • • , a n ) be an n-tuple of linear independent unit vectors in 
Hilbert space H . 

(1) There is an invertible, positive operator K in B{H) and an n-tuple of mutually 
orthogonal unit vectors (71, • • • , j n ) in H such that ji = Rati, i = 1, • • ■ ,n. 
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(2) Given e G (0,1). If I < Q;,a, > I < — : r, 1 < i < j < n, i/ien i/iere 

v , v 5 / 2(n - 1) ~ 

exists an n-tuple of mutually orthogonal unit vectors (J3i,--- , /3 n ) in H such 
that \\cti — fij\\ < 2e ; i = 1, • • • , n. 

Proof. Set H\ = span{ai , • • ■ ,a n } and Pj£ =< £, a, > a^, V£ G iTi, i = 1, • • ■ ,n. 
Then (Pa, • • • , P n ) G P n (P(Pi)) and Ran(Pi) + • • • + Ran(P n ) = P" x . 

By Theorem O A = Pj is invertible in P(i?i) and PjA^P,- = <%Pj, i,j = 

i=l 

1, • • • , n. Put K = Aq 1 + Po and 7i = A Q ' i = 1, • • • , n, where Po is the 
projection of H onto H^. It is easy to check that K is invertible and positive in B(H) 
with 7j = Kaj, i = 1, • • • , n and (71, ■ ■ ■ , 7n) is an n-tuple of mutually orthogonal 
unit vectors. This proves (1). 

(2) Note that ||PiP/|| = | < a^cty > | < —. ^y, 1 < i < j < n. Thus, by 

Corollary I3.8[ there are mutually orthogonal projections P(, • • • , P^ G A such that 
\\Pi - P/|| < e, i = l,--- ,n. Put # = P/«i, * = l,--- ,n. Then ^ are 
mutually orthogonal and [|aj — fi'A\ < e, i = 1, • • • , n. Set = ||/3j'|| _1 /?-, i = 1, • • • , n. 
Then < >= Sijfy, i, j = 1, ■ ■ ■ ,n and 

\\an-Pi\\ < \\an-fi\\ + \l- H/3-III <2e, 
for i = 1, • • • , n. □ 

Now we give a simple characterization of the completeness of a given n-tuple of 
projections in C*-algebra A as follows. 

Theorem 3.10. Let Pi, • • • , P n be projections in A. Then (Pi, • • • , P n ) is complete 

11 -l 
if and only if A = ]P P, is invertible in A and \\PiA~ Pj\\ < [{n — 1)||A _1 ||||A|| 2 ] , 

i=i 

Vi / j, i, 3 = !,■■■ ,n. 

Proof. If (Pi,-- - ,P n ) is complete, then by Theorem 11.21 A is invertible in A and 
PA-ip,- = 0, Vi^j, i,j = l,--- ,n. 
Now we prove the converse. 

n 

Put Ti = A- 1 /2p i ^-i/2 ) 1 < j < n . Then £ T; = 1. Since T i (A 1 / 2 P^4 1 / 2 )Tj = Pj, 

8=1 

we have /3(T;) > p 1 / 2 ^ 1 / 2 !!- 1 > \\AW~ 1 , i = 1, • • • ,n by Corollary E2J Put 
p = ||^4|| _1 . Then 

2 

llTiTj-H < II^IHIPA-^II < [(n-l)pH 2 ]" 1 = -^- T , z^i, i,j = l,--- ,n. 

Thus by Proposition [33] (3), .4 = Ti4 + ■ • ■ + T n A. Note that T { A = A-V 2 (PiA), 
i = 1,--- ,n. So Pi4 + • • • + P„4 = A 1 / 2 ^ = 4, i.e., (Pi,-- - ,P n ) £PC n (i). □ 

Corollary 3.11. Lei (Pi, • • • , P n ) G PC n (,4) and Zet (P{, • • • , P' n ) G P n («4). isswrne 

-1 n 
that \\Pi-P!\\ < [^(n-^IIA^f^HA^II + l)] , i = 1, • • • ,n, w/iere A = £ P» ; 

f/ien (Pi',--- ,P^)G PC n (4). 
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n 



Proof. Set B = p i Since ™P _1 H > Mllll^" 1 !! > 1. ^ follows that \\A - B\\ < 
i=l 

. Thus B is invertible in A with 



2\\A 



-li 



IIS" 1 !! < x-ii/lyp-^i < Zll^" 1 !!. li 5 " 1 " A' 1 ]] < 2\\A-'f\\A - B\\. 
Note that PiA~ 1 Pj = 0, i ^ j, i, j = 1, • • ■ , n, we have 

llP/p-^'H < \\pKb~ 1 - a-^p'w + ||(p/ - pja- 1 ^ + \\PiA-\Pj - pj)|| 

< 2p- 1 || 2 ||,4 - B\\ + IIA^IIIIP - P/|| + WA^WWPj - 

1 1 

< 7T7T-: -, ,, < 



2n 2 (n-l)p- 1 || (n- 
So (P{, ■ ■ ■ ,PF) is complete in A by Theorem 13.101 □ 

4 Some equivalent relations and topological properties 

on PC n (A) 

Let A be a C*-algebra with the unit 1 and let GLq(A) (resp. Uq(A)) be the connected 
component of 1 in GL(A) (resp. in U(A)). Set 



PI n (A) = {(Pi, ■ ■ ■ , P n ) E Pn(A) \J2Pi& GL{A)} 

i=l 
n 

PO n (^4) = {(Pi,--- ,P n )GP„(i)| ^^ = 1, ^ = 0, Mi, i,j = l,~- ,n}. 

Definition 4.1. Let (Pi, • • • ,P n ) and (P[, • • • ,P£) 6e in PC n (^4). 

(1) We sa?/ (Pi,-- - ,P n ) is equivalent to (P{,--- , P^), denoted by (Pi,-- - , P n ) ~ 
(P{, • • • , i*), if there are E7i, ■ ■ ■ ,U n G A such that P = U*Ui, P( = UiU* . 

(2) (Pi,-- - ,P n ) and (P{,--- , P^) are called to be unitarily equivalent, denoted by 
(Pi,-- - ,P n ) ~„ (Pi',-- - ,Pn), if there is U G E/(.A) such that UPiU* = P[, 
% = 1, • • ■ , n. 

(3) (Pi,-- - , P n ) and (P{,-- - , P^) are called homotopically equivalent, denoted by 
(Pi, • • • ,P n ) ~^ (P[, • • • ,P^), if there exists a continuous mapping F: [0, 1] — > 
PC n („4) such that P(0) = (Pi, • • • , P„) and F(l) = (P{, ■ ■ ■ , P^). 

It is well-know that 

(A,--- ,p n ) ~ h (p{,--- ,p;)^(pi,--- ,p n ) ~ (p{,--- ,p^) 

and if t7(„4) is path-connected, 

(Pi,--- ,P n )~ M (P{,--- ,P^)^(P,--- ,P n )~ fe (P l7 --- ,P' n ). 
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Lemma 4.2. Let (Pi,-- - ,P n ) be in PC n (.4) and C be a positive and invertible 
element in A with PiC 2 Pi = P i} % = 1, • • • , n. Then (CP X C, • • • , CP n C) G PC n {A) 
and (Pi, ■ • • , P n ) ~ fc (CPiC, • • • , CP n C) m PC„(.A). 

Proo/. From (CPC) 2 = CPC 2 PC = CP;C, 1 < i < n, we have (CPiC, ■■■ , CP n C) 

n 

G P n (A). (Pi, • • • ,P n ) G PC n (.A) implies that A = £ Pi € GL(A) and PA^P = 

i=l 

P, 1 < t < n by TheoremO So (CPiC) I £ (CPC) ) (CPiC) = CPA^PC and 

hence (CPiC, • • • , CP n C) G PC n (i) by Theorem O 

Put Aj(t) = C'pC and Pi(t) = C-tPiC-*, \ft G [0,1], i = 1, • • • ,n. Then 
Qi(i) = A;(t)P;(t) = C*pC~* is idempotent and Aj(t)Pj(t)Aj(t) = A { (t), Vt G [0, 1], 
i = !,■■■ ,n. Thus A;(t).A = Qi(t)A Vt G [0,1], i = 1, • • • ,n. 

By Lemma [2T3l Pj(t) = Qi{t){Qi{t) + {Qi(t))* — 1) _1 is a projection in .4 satisfying 
Qi{t)Pi{t) = P(t) and Pi(t)Qi(t) = Qi{t), Vt G [0, 1], i = 1, • • • , n. Clearly, ^(i)^ = 
Qi(t)A = Pi(t)A, Vt G [0, 1] and t \-t Pi(t) is a continuous mapping from [0, 1] into 
A, i = 1, • • ■ , n. Thus, from 

(c*PiCV + • • • + (c*p n cV = A vt g [o,i], 

we get that F(t) = (Pi(t), • • • ,P„(t)) G PC n (A), Vt G [0, 1]. Note that F: [0, 1] -> 
PC„(.4) is continuous with P(0) = (Pi,-- - ,P n ). Note that A;(l) = CPC is a 
projection with Aj(l)Qi(l) = CPCCPC" 1 = Qj(l) and Qi{l)Ai{l) = A^l), i = 
1,--- ,n. So P(l) = Ai(l), i = 1,-- - ,n and F(l) = (CP X C, • • • ,CP n C). The 
assertion follows. □ 

n 

For (Pi,-- - ,P n ) G PC n (.A), A = 52 Pi G GL(A) and = A^p^-Va is 

i=l 

a projection with QiCf/ = 0, i ^ j, i, j = 1, • • • , n (see Theorem 1 1 . 2[) . that is, 
(Ql,'" ,Qn) G PO n (A). Since C = A -1 / 2 satisfies the condition given in Lemma 
14.21 we have the following: 

Corollary 4.3. Let (Pi, • • • , P n ) G PC n (A) and let (Q\, ■ ■ ■ , Q n ) be as above. Then 
(Pi, ■ ■ ■ ,P n ) ~ h (Qi, • • • , Q n ) in PC n (A). 

Theorem 4.4. Let (Pi,-- - ,P„) and (P{,--- ,P' n ) G PC n (A). Then the following 
statements are equivalent: 

(1) (Pi,--- ,P„)~(P{,--- 

(2) t/iere is D G GL(A) suc/i t/iat for 1 < i < n, PiDD*Pi = P and P/ = L>*PL>. 

(3) there is (Si, ■ ■ ■ , S n ) G PC n (A) smc/i t/iat 

(Pi,-- - ,P n )~ u (Si,--- ,5 n )~ h (P[,-- - 
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Proof. The implication (3)=>(1) is obvious. We now prove the implications (1)=>(2) 
and (2)=^>(3) as follows. 

(1) => (2) Let Ui e Abe partial isometries such that U*Ui = Pi, UtU* = P-, 

n n n 

i = 1, ■ ■ • ,n. Put A = J2 Pi, A' = J2 P[ and W = A- 1 ' 2 { £ Pt/*P/) A'- 1 / 2 . Then 

i=i i=i i=i 

n n 

W*W = A'-^^PiUiP^A^^PiUtPDA'- 1 / 2 

i=l i=\ 
n n 

= A'-^iY^PlUtPiUlPDA'- 1 / 2 = A'- l l 2 (Y,Pl) A '~ 1/2 = L 

i=l i=l 

Similarly, WW* = 1. Thus, W G U(A). Set D = A~ l / 2 W 'A' 1 ' 2 G GL(A). Then, for 

1 < i < n, 

n n 

D*PiD = ( P[\J l P>)A- x P l A- 1 ( P£/*P/) = PlUiPiU*Pl = Pi 

i=l i=l 

and PiDD*P t = P { follows from (D*PiD) 2 = D*P { D. 

(2) =K3) Put [7 = (DD*)- l l 2 D. Then £7 G 17(X). Set C = U*{DD*) 1 / 2 U 
and 5,; = ?7*PiC/, 1 < i < n. Then (Si,-- - ,S„) G PC n (.A) with (Si,-- - ,S n )~ u 
(Pi, • • • , P n ) and (P{, ■ ■ ■ , P' n ) = (CSxC, • • • , CS n C). 

Since SC 2 S = U*PiDD*P { U = S it i = 1, • • • ,n, it follows from Lemma S3] that 
(P{, ■ • • ~ h (Si, • • • , S n ) in PC n (A). □ 

Proposition 4.5. For P n (A), PC n (A), PI n {A) and PO n („4), we have 

(1) PI n (^4) is open in P n („4). 

(2) PC n („4) is a clopen subset o/PI n (.A). 

(3) PO n (A) is a strong deformation retract of PC n (A). 

(4) PC n (A) is locally connected. Thus every connected component o/PC n (.A) is 
path-connected. 

(5) (Pi, • • • , P n ), (P{, ■ ■ ■ , P/J G PC„(^4) are in the same connected component iff 
there is D G GL (A) such that Pi = D*P(D, i = 1, • • • , n. 

n 

Proof. (1) Since h{P\, ■ ■ ■ ,P n ) = ^ Pj is a continuous mapping from P n (A) into A 

i=l 

and GL(A) is open in A, it follows that PI n („4) = h~ l {GL(A)) is open in P n („4). 
(2) Define F : Pl n {A) -> M by 

n n n 

F(P l7 ... ,P n )= £ (n-^II^P^IK^P^^IIIIP^P)- 1 ^-!!. 

l<i<j<n i=l i=l i=l 
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Clearly, F is continuous on PI n (,A). By means of Theorem l3.10l we get that ~PC n {A) = 
1)) is open in PI n (A) and PC n (A) = F _1 ({0}) is closed in PI n (A). 

(3) Define the continuous mapping r: PC n (^4) — > PO n („4) by 

n 

r(P 1} ■ ■ ■ , P n ) = (A-^ Pl A~^, - - - , A-WPnA-W), A = Y J P l - 

i=i 

by TheoremO Clearly r(P x , • • • , P n ) = (P x , • • • , P„) when (Pi, • • • , P n ) G PO n (^). 
This means that PO n (.4) is a retract of PC n (.4). 
For any t G [0, 1] and i = 1, • • • , n, put 

ffi(Pi, - - ,P n ,t) = ^' /2 P^* /2 (A-* /2 Pi^ /2 + A' /2 Pi^' /2 - l) -1 . 

Similar to the proof of Lemma 14.21 we have 

H(Pl, • • • , P n , t) = (ill (Pi, • • • , Pn, • • • , H n (P\, • • • , P n ,t)) 

is a continuous mapping from PC n (.A) x [0, 1] to PC n („4) with H{P\, ■ ■ ■ ,P n ,0) = 
(Pi, • • • , P„) and ii(Pi, • • • , P n , 1) = r(Pi, • • • , P n ). Furthermore, when (P u ■ ■ ■ , P n ) 
G PO n (.A), A = l. In this case, H(P lr -- ,P n ,t) = (Pi,-- - ,P„), Vt G [0,1]. There- 
fore, PO n (_4.) is a strong deformation retract of PC n (^4). 

(4) Let (Pi,-- - ,P„) G PC n (.A). Then by Corollary EH there is 5 G (0,1/2) 
such that for any (i?i,--- ,R n ) G P n (A) with ||Pj — i?j|| < <5, 1 < i < n, we have 
(i?i,-- - ,R n ) G PC„(X). 

Let (J? l5 • • • , R n ) G PC n (X) with ||P,- - i?J < <5, i = 1, • • • ,n. put P 4 (t) = P { , 

Ri(t) = Ri and a^t) = (1 - t)Pj + ti^, Vt G [0,1], i = 1, • • • ,n. Then P^Ri,^ 

are self-adjoint elements in C([0, l],v4) = ,6 and [|Pj — ajll = max [|Pj — aj(t)|| < 5, 

*e[o,i] 

i = 1, • • • , n. It follows from [17\ Lemm 6.5.9 (1)] that there exists a projection 
fi G C*{di) (the C*-subalgebra of B generated by o,) such that [|Pj— < [|Pj— aj|| < 
5, i = 1, • • • ,n. Thus, ||Pj — fi(t)\\ < 6, i = 1, • • • ,n and consequently, F(t) = 
(/i (£),-■" ) fn(t)) is a continuous mapping of [0,1] into PC n (^4). Since aj(0) = Pi, 
Oi(l) = i?i and /i(t) G C*(oi(t)), Vt G [0,1], we have /(0) = (P x , • • • ,P n ) and 
/(l) = (i?i, • • • , i? n ). This means that ~PC n (A) is locally path-connected. 

(5) There is a continuous path P(t) = (Pi (*),••■ ,P„(t)) G PC n (.A), Vt G [0,1] 
such that P(0) = (Pi,-- - ,P„) and P(l) = (P(, • • • ,P/J. By [12, Corollary 5.2.9.], 
there is a continuous mapping 1 1— )• Ui(t) of [0, 1] into U{A) with ?7j(0) = 1 such that 
P^t) = Ui(t)PiU*(t), Vt G [0,1] and i = 1, ■ • ■ ,n. Set 

1/2^ ^ 1/2 

i=l i=l i=l 

/ n n-1/2 / n a/2 

and D(t) = ( £ P*) W(t)( £ Ui(t)PiU?(t)) , Vt G [0, 1]. Then W(t) G 17(4) 

v i=i 7 v i=i 7 

with W(0) = 1, £>(*) G GL(A) with Z?(0) = 1 and W(t), D(t) are all continuous on 
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[0, 1] with D*(t)PiD(t) = Pi(t) (see the proof of (1)=^(2) in Theorem 02) , Vi € [0, 1] 
and i = 1, ■ ■ ■ ,n. Put D = D(l). Then D G GL (A) and P*PL> = P/, * = 1, • • • ,n. 

Conversely, if there is D G GLq(A) such that D*P{D = i = 1, • • • , n. Then 
U = {DD*)- l l 2 D G U (A) and P i DD*P l = P, UP^U* = {DD*) 1 / 2 P^DD*) 1 / 2 , 
i = 1, • ■ • , n. Thus, (P{, ■ ■ ■ , i*) (UP{U*, • • • , £/P^*) and 

((DD*) 1 / 2 Pi(D£)*) 1 / 2 , • • • ^DD^P^DD*) 1 / 2 )^ (Pl) ... >Pn) 

by LemmalMl Consequently, (P{, • • • , P n ) (Pi, • • • , P n ). □ 

As ending of this section, we consider following examples: 

Example 4.6. Let A = M fc (C), k > 2. Define a mapping p: PC n (A) -> N n_1 by 
p(Pi, • • • , P n ) = (Tr(Pi), • • • ,Tr(P n _i)), where 2 < n < k and Tr(-) is the canonical 
trace on A. 

n 

By Theorem O (Pi,-- - ,P n ) G PC n (A) means that A = £ P G GL(„4) 

i=l 

and (A-Va^A-Va,... , A^p^-i/a) G PO n (A). Put Q< = A^p.^-i^ j = 
1, ■ ■ ■ , n. Since (Pi, • • • , P n ) ~/j {Q\, • • • , Q n ) by Corollary |4.3l it follows that Tr(Pj) = 

n-l 

Tr(Q<), i = 1, ■ ■ ■ ,n and Tr(A) = fc. Thus Tr(P n ) = k- £ Pf. 

i=l 

Note that U(A) is path-connected. So, for (Pi, • • • , P„), (P[, • • • , P^) G PC n (A), 
(Pi, • • • , P n ) and (P{, • • • , P^) are in the same connected component if and only if 
P (P U - ,P n ) = p(P>,--- ,P> n ). 

The above shows that PCk(A) is connected and PC n (A) is not connected when 
fc > 3 and 2 < n < k- 1. 

Example 4.7. Let P be a separable complex Hilbert space and KL(H) be the C*- 
algebra of all compact operators in B(H). Let A = B(H) /K,(H) be the Calkin algebra 
and 7r: B(H) — > A be the quotient mapping. Then PC n (A) is path-connected. 

In fact, if (Pi, • • • , P„), (P{, ■ ■ • , i*) G PC„(A), then we can find (Qi, • • • , Q n ), 
(Qi,""" ,Q' n ) GPO„(X) such that (Pi,-- - ,P n ) ~ h (Qi,-- - ,g n )and(P{,-- - 
(Qi)""" > Qn) by Corollary 14.31 Since B(H) is of real rank zero, it follows from 
[T7] Corollary B.2.2] or [TH Lemma 3.2] that there are projections Pi,-- - ,R n and 
Pi, • • • , R' n in B(H) such that 7r(P;) = Q i: vr(P^) = Q'-, i = 1, • • • , n and 

n n 

RiRj = 5ijRi, R'tR'j = 5ijRi, i, j = 1, • • • , n, ^ Pj = ^ P- = I. 

i=l i=l 

Note that Pi,-- - , R n , R[, ■ ■ ■ , R' n G' 1C(H). So there are partial isometry opera- 
tors Vi,--- ,y n in B(H) such that Vfl^ = P;, V^* = P^, i = 1, • • • ,n. Put 

n 

V = £ Vi. Then V G U(B(H)) and FP^F* = P<, * = 1, • • • , n. Put U = n{V) G 

U{A). Then (UQiU*,--- ,UQ n U*) = (Qi,-- - ,Q n ) in PO n (A). Since U{B{H)) 
is path-connected, we have (Qi,-- - , Qn) ~fc (Qi>""" )Qn) i n PC n (A). Finally, 
(Pi, • • • , P n ) ~^ (P(, • • • , P„). This means that PC n (A) is path-connected. 



20 



References 

[1] P.E. Bj0rstad and J. Mandel, On the spectra of sums of orthogonal projections 
with applications to parallel computing, BIT, 31 (1991), 76-88. 

[2] A. Bottcher and I.M. Spitkovsky, A gentle guide to the basics of two projections 
theory, Linear Algebra Appl., 432 (2010), 1412-1459. 

[3] D. Buckholtz, Hilber space idempotents and involutions, Proc. Amer. Math. 
Soc, 128 (2000), 1415-1418. 

[4] G. Chen and Y. Xue, The expression of generalized inverse of the perturbed 
operators under type I perturbation in Hilbert spaces, Linear Algebra Appl., 
285 (1998), 1-6. 

[5] J. Glimm, On a certain class of operator algebras, Trans. Amer. Math. Soc, 95 
(1960), 318-340. 

[6] P. Halmos, Two subspace, Tran. Amer. Math. Soc, 144 (1969), 381-389. 

[7] R.A. Horn and R. Johnson, Matrix Analysis, Cambridge University Press, 1986. 

[8] H. Lin, An Intruduction to the Classification of Amenable C*-Algebras, World 
Scintific, 2001. 

[9] J.J. Koliha and V. Rakocevic, Invertibility of the sum of idempotents, Linear 
and Multilinear Algebra, 50 (2002), 285-292. 

[10] J.J. Koliha and V. Rakocevic, Invertibility of the difference of idempotents, Lin- 
ear and Multilinear Algebra 51 (2003), 97-110. 

[11] J.J. Koliha and V. Rakocevic, Fredholm properties of the difference of orthogonal 
projections in a Hilbert space, Integr. Equ. Oper. Theory, 52 (2005), 125-134. 

[12] N.E. Wegge-Olsen, K-Theory and C*-Algebras, A Friendly Approach, OUP, 
1993. 

[13] T. Shulman, On universal C*-algebras generated by n projections with scalar 
sum, Amer. Math. Soc. 137(1) (2009), 115-122. 

[14] V. S. Sunder, N subspaces, Can. J. Math., XL (1) (1988), 38-54. 

[15] N.L. Vasilevski, C*-algebras generated by orthogonal projections and their ap- 
plications, Integr. Equ. Oper. Theory, 31 (1998), 113-132. 

[16] Y. Xue, The reduced minimum modulus in (7*-algebras, Integr. Equ. Oper. 
Theory, 59 (2007), 269-280. 

[17] Y. Xue, Stable Perturbations of Operators and Related Topics, World Scientific, 
2012. 



21 



